DYNAMICS IN THE COMPLEX BIDISC 



CHIARA FROSINit 

Abstract. Let A" be the unit polydisc in C" and let / be a holomorphic self map of 
A". When n = 1, it is well known, by Schwarz's lemma, that / has at most one fixed 
point in the unit disc. If no such point exists then / has a unique boundary point, call 
it X G dA, such that every horocycle E{x, R) of center x and radius i? > is sent into 
itself by /. This boundary point is called the Wolff point of f. In this paper we propose 
a definition of Wolff points for holomorphic maps defined on a bounded domain of C". 
In particular we characterize the set of Wolff points, W{f), of a holomorphic self-map 
/ of the bidisc in terms of the properties of the components of the map / itself. 



1. Introduction 

Let D be a bounded domain of C" and let / be a holomorphic self map of D. We 
denote hy ku the Kobayashi distance on D 13,0 and, as in ^j, we define the small 
horosphere E{x, R) and the big horosphere F{x, R) of center x and radius R as follows: 

E{x, R) = {z <E D : hmsup[A;D(z, w) — koiO, w)] < i logi?}, 

^ ■ ' F{x,R) = {z e D ■.\imM[kD{z,w) ~ kD{0,w)] < ^ log R}. 

We say that r e 9D is a Wolff point of f if f{E{T, R)) C E{t, R), for aU R > 0. Denote 
by W{f ) the set of Wolff points of / and denote by T{f) the target set 

T{f) ■.= {xeD \3 {kn e N}, z e D such that f^^ {z) ^xasn^ oo}. 
If£' = A=={zGC: \z\ < 1}, it is well known, by Schwarz's lemma, that a holomorphic 
map / : A ^ A has at most one fixed point in A. If / has a fixed point in A, say 
zo, then W{f) = and T{f) = {zq}. If / has no fixed points in A then, by Wolff's 
lemma ^3] ^Jj, W{f) is reduced to a boundary point x G dA and, by the classical 
Denjoy theorem, T(/) = W{f). The same holds for self-maps of B" with no interior fixed 
points [HI, 0, and in particular if / is a holomorphic self- map of a strongly convex 
domain D with C^— boundary [2]. On the other hand, if the map has fixed points in 
D then either W{f) — and T(/) is a unique point in D, or T(/) is a complex open 
subvariety F of D (affine in case £) = B") and W{f) = dD U f . In this paper we examine 
another type of convex domains (not strongly convex, not even with regular boundary): 
the polydiscs. To avoid technical complications we restrict ourselves to dimension two, 
so we begin studying the case of the bidisc. In this case, we characterize Wolff points 
of a holomorphic map / : A^ ^ A^ in terms of the properties of the components of the 
map /. Thus let / : A^ A^ be a holomorphic self-map in the complex bidisc without 
fixed points in A^. Then f{x,y) = {fi{x,y), f2{x,y)) with /i,/2 : A^ ^ A holomorphic 
functions in x and y. Then one of the two following possibilities holds ( 6 ): 
i) there exists Wolff point of /i(- ,y), e'^^, which does not depend on y or 
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ii) there exists a holomorphic function Fi : A — > A, such that fi(Fi{y),y) — Fi{y). 
In this case fi{x, y) — x ^ x ~ Fi{y). 

Note that if / 7^ idA then cases j),M) exclude each other. Motivated by this result we 
make the following definition: 

Definition 1. Let / : A^ — > A^ be a holomorphic function and let /i,/2 be its compo- 
nents. The map / is called of: 

i) first type if: 

- there exists a holomorphic function Fi : A — > A, such that fi{Fi{y),y) = 
Fi{y) and 

- there exists a holomorphic function F2 : A — > A, such that f2{x, F2{x)) = 
F2{x). ^ 

ii) second type if (up to interchange /i with /2): 

- there exists a Wolff point of , y), e*^i , (necessarily independent of y) and 

- there exists a holomorphic function F2 : A — > A, such that f2{x, F2{x)) = 
F2{x). 

iii) third type if: 

- there exists a Wolff point of /i(- ,?;), e'^^, (independent of y) and 

- there exists a Wolff point of f2{x^ •), e*^^, (independent of x). 

In case / is oi first type and without interior fixed points Fi o F2 (respectively F2 o Fi) 
must have Wolff point (see Lemma EJ- Let e*^"^ (respectively by e'^^) be the Wolff point 
of Fi o F2 (respectively F2 o Fi.) Let Ai := limj^^g.oa F{{y) and A2 := hm^^g.oi ^2(0;) 
be respectively the boundary dilatation coefficients of Fi at e*^^ and of F2 at e'^^ (see 
Lemma EJ. If / is of second type we denote by A2 the boundary dilatation coefhcient of 
F2 at e*^i. Finally we let ttj be the projection on the j— component. With this notation 
our main result is: 

Theorem 2. Let f — (/i,/2) be a holomorphic map, without fixed points in the complex 
bidisc. If fi ^ TTi and f2 ^ tt2, then there are the following six cases: 

i) W{f) = % if and only if f is of first type and Ai > 1 for one i — 1,2. 

ii) W{f) = {e^^\e^^^) iff f is of first type A; < 1 for each i = 1, 2. 

Hi) W{f) = {{e'^i} X A} U {((e*^i,e*^=))} iff f is of second type and A2 < 1. 

iv) W{f) = {{e*^i} X A} iff f is of second type and A2 > 1. 

v) W{f) = {{e*"!} X A} U {(e'^Se*''^)} U {A x {e''^^}} iff f is of third type. 
Otherwise if fi{x,y) = x y y G A (or respectively f2{x,y) — y \/ x G A ) then: 

vi) W{f ) = A2 \{A X (or respectively W{f ) = A^ \{{e-'^i} x A}.; 

Let / = (/i, /2) : A^ ^ A^ be holomorphic and with fixed points. By a result of Vigue 
(see Proposition 4.1 ^21) it follows that fi{-,y) and f2{x, ■) also must have fixed points. 
Notice that if dimF?a:(/) = 2 then / = id|A2. Moreover if dim Fix{f) = 1 we know (see 
Propositions 2.6.10; 2.6.24 0) that Fix{f) is a geodesic of A^ and then Fix{f) can be 
parametrized as A 3 z ^ (5(^)1 ^) with g G Hol{A, A). 

Theorem 3. Let f = (/i,/2) : A^ — > A^ be a holomorphic map, not an automorphism, 
with fixed points in A^. Assume, up to automorphisms, that /(0,0) = (0,0). 

• If dim Fix{f) ^ then W{f) = 0. 

• If dim Fix(f) = 1 and we let G := Fix{ f) then : 

i) g{z g Aut{A) U {id} iff W{f) — dG (and this is the case iff there exists a point 
(e^^ 1) e (9A)2 which belongs to W{f)); 

ii) g ^ Aut{A) U {id} is a proper map iff W{f) — 0; 
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iii) g is not a proper map iffW{f) is disconnected (and this is the case iff f2 — '^2)- 

If / G Aut{A'^) has fixed points in A^, its components are elliptic automorphisms of A 
and W{f) = 0. 

In section 2 we are going to introduce some useful tools to prove our main theorem. In 
particular we describe the property of the component fi and /2 of the function / : A^ — ^ 
A^ and we also study some property of the set ofWolff points of /. Using these results in 
section 3 we prove Theorem|5|and Theorem|31 Finally in section 4 we give some examples. 

I want to sincerely thank Filippo Bracci for his continuous assistance and professor 
Graziano Gentili for many useful conversation for this work. Also, I wish to thank professor 
Pietro Poggi-Gorradini for his helpful comments concerning this work. 

2. Preliminary results 

We need now to introduce some notation and some preliminary results, as a general- 
ization of Julia's lemma due to Abate (Abate [Tj): 

Theorem 4. (Abate I J Let f : A" ^ A be a holomorphic map and let x G (9A" be such 
that 

(2.1) liminf[fcA'.(0,u') - w(0,/(w))] = ^loga/ < 00 

w — 'X 2 

then there exists t G 9A such that V i? > 0, f{E{x,R)) C E{T,afR). Furthermore f 
admits restricted E — limit t at x. (see (Abate 1 ) for the definition). 

Gonsider / = (/i,/2) G Hol{A^ ^ A^). Using the result of Herve [see Theorem 1 in 
and Definition^ we are going to examine the properties of /, /i and /2. 
Lemma 5. Let f = (/i,/2) G i/oZ(A^, A^). // / is a map of first type then: 

i) The function Fi o F2 (respectively F2 o Fi) has Wolff point e*^^ (respectively e*^^j. 
In this case we let A12 (respectively \2i) be the boundary dilatation coefficient of 
El o F2 (resp. F2 o El) at its Wolff point; 

ii) -Fi has non-tangential limit e'^^ at e*^^ and 

(2.2) liminf i— i^i^ = Ai ; < Ai < +00; 
y^e^02 1 - \y\ 

iii) F2 has non-tangential limit e'^^ at e*^^ and 

\ - \ F',(r)\ 

(2.3) lim inf ' ^\ ^' = A2 ; < A2 < +00. 

x^e'^i 1 - \x\ 

Furthermore A12 = A21 = A1A2. 

Proof, i). We note that if / is a map of first type then the function Ei o E2 cannot have 
fixed points in A or otherwise we can build fixed points in A^ for /. Infact, suppose 
that xo G A is such that {Fi o F2)(a;o) = xq and let F2{xo) — j/o- Then f{xo,yo) = 
ifiiFiiF2ixo)),F2ixo))j2ixo,E2ixo))) = {xo,yo)- By Wolff's lemma, E^ o F2 has a Wolff 
point, say e'^"^ G i9A. Similarly E2 o Ei has a Wolff point, say e*^^ G i9A. It is well known, 
by classical results of Julia, Wolff and Garatheodory that: lim inf ^.^g.ei = 

A12 for some < A12 < 1; and liminfy_^gie2 ^^^^^^^^^^'''^''^ — A21 for some < A21 < 1. 

ii) By Schwarz's lemma we know that "'"^^^i^j^'' ^ i+|f^(o)| •= -^^ for V G ^-If take 
y = ^2(0;), it implies: 1 - |Fi(i^2(a;))| > Af(l- |F2(a;)|) and dividing by (1- |a;|) we obtain: 
l^lMfkiEM > MidiM^H > Afi^gg. Let A2 := hminf_,., '-^1^ be the boundary 

dilatation coefficient of F2 in e*^^. Thus we can conclude that: 1 > A12 > MA2 > 0. Note 
that, since M < 1, it follows that A2 is a finite and positive number. But we also know 

3 



that |F2(x)| 1 for a; e^^^ and by Julia's lemma we can conclude that there exists 
a unique e^''^ such that the non-tangential limit of F2 in e^^^ is equal to e*'^^, that is: 
K — lim^^giOi F2{x) = e'^^'^ . Let us consider the function {F2 o Fi) : A ^ A. As we 
proved in i), this function has Wolff point e'^^. Notice that, as for A2, one can prove 
that Ai := liminfy^g,e2 Fi{y) is such that < Ai < +00. We are going to show that: 
gi72 _ gi6'2 ^ consider the sequence {{F2 oFi)^} of iterates of {F2 oFi). By the Wolff- 

Denjoy theorem it converges, uniformly on compact sets, to the constant e*^^. Notice that 
(F2 o Fi)'' = F2 o (Fi o ^2)'="! o Fi and, furthermore, e'^i is the Wolff point of (Fi o F2). 
Therefore (Fi o F2)'° — > 6*^^ as A: ^ 00. Let us fix yo G A and let a;o = Fi{yo). Set 
Wk := (Fi o F2)'^(a;o) and Zk := (F2 o Fi)'^(j/o)- Then we have Wfe ^ e'^^ and — > e'^^ 
k ^ 00. Moreover we notice that: uj{0,Wk) — uj(Q, F2{wk)) — uj{Q, Fi{zk)) — uj{0, z^+i) = 
Lj(0, Fi(zfe)) ~uj{0,Zk) +uj{0,Zk) -t^(0,2fe+i). Then 

-limsupfe^^[w(0,Fi(2;fc))(yo)) - w(0, 2;fc(yo))] = 
liminffe^oo Fi{zk)){yo)) - uj{0, Zkiyo))] 

> liminf„,_^g.e2 -[t^(0, Fi{w)) - a;(0, w)] = i log Ai > -co, 

we conclude that 

limsup^^^ w(0, (Fi o F2)'=(xo)) -c^(0,F2(Fi o F2)'=(xo)) 
= limsupfc_^[c^(0, Fi((F2 o Fi)'=)(yo)) - c^(0, (F2 o Fi)'=(yo))] < +00. 

Furthermore, since (F^ o F^)*^ converges uniformly on compact sets to its Wolff point we 
have that: 

limsupj.^^[w(0,Zfe(yo)) - w(0, 2^+1(2/0))] = 
limsup,^^[u;(0, (F2 o Fi)'=(yo)) - ^(0, (F2 o F,)''+\yo))] 

- iim^'UPfc^^ h + {F2oF,r+Hyo) l'\{F2oF,r{yo)\ I ^ 

We have limfc^oo -F2((Fi o F2)'=(:ro)) = e'^^ and e*^^ = limfe^oo ^2((-Fi o F2)'=(a;o)) 
= hmfc_»oo(^2 o Fi)''{yo)) = e'^^ thus we can conclude that e''''^ = e'^^. 

iii). The last thing we need to prove is that Fi has non tangential limit e'^^ at e'^^. 
This can be done proceeding as before. Using Julia- Wolff-Caratheodory theorem ^1], [2] 
we obtain that Ai — A2 = ^ and, in particular A21 = A1A2 — A12. □ 

It's clear that Ai > 1 implies A2 < 1 (and the converse is also true.). To simplify 
notations, up to automorphisms, from now on assume e*^^ — e'^^ = 1. Let af-^ — denote 
the number defined in theorem^ for the function /i at the point (1, 1) : 

Lemma 6. Let f — (/i,/2) : A^ — > A^ be holomorphic and suppose that fi tti and 
/2 7^7r2. ///i(F((l,l),i?)) CE{1,R) Vi? >0 thenaf, < 1. 

Proof. Let consider the holomorphic function 1^ : A ^ A defined by (p{£,) = fi{£,,£,) and 
let a^p be the boundary dilatation coefficient of the map ip at the point 1. Let |||(z, w)||| := 
maxjllzll, Since (see lemma 3.2 PQ) liminff^i- ^~|^[*|'*''^ = ctfi then we have that 

a/i - iimint(z,tu)->(ia) S Imimt^^i — j^^^ — < Imimtt^i- — — - aj,. 

And = hminf^^i = liminf^^i = liminf.^i- '-^^ = aj, and 

we can conclude that = af-^. But since /i(F((l, 1), R)) C F(l, i?) V i? > then < 1 
and this ends the proof. □ 
Proposition 7. Let / = (/i, /2) : A^ ^ A'^ &e holomorphic and without fixed points in 
A^. Suppose that fi ^ tti and f2 =/= '^2- Fix Ri, R2 > such that — If either 

i) / is of first type and Ai > 1 or 

ii) / is of second type and A2 > 1, 



Then f{E{l,Ri) x £;(l,i?2)) C £;(l,i?i) x E{1,R2). 



Proof, i) Let consider {xo,yo) G E{l,Ri) x E{1,R2). We have: 
limio{h{xo,yo),z)-LoiO,z)= \im_u^^^^ 

< lim max{u;{xo,Fi{F2{t))),ij{yo,F2{t))} -u;{0,Fi{F2{t))). 

If m&x{u{xo, Fi{F2{t))),uj{yo, F2{t))} =uj{xo, Fi{F2{t))) then limj^i- u{xo, Fi{F2{t))) - 
uj{0,Fi{F2it))) < ilogi?i because xq e If niax{a;(a;o,Fi(i^2(i))),w(yo,i^2(i))} = 

ij{yo,F2{t)) then: 

lim sup a;(2/o , (t) ) - a; (0, Fi (F2 (i) ) ) 

< limsupLj{yQ,F2it))-Lj{0,F2{t))+limsupuj{0,F2{t))-uj{0,Fi{F2{t))) 

Inp- Bo + lim ciiin ^ Inrf 1+1 Wl |l-f'i(J'2 W)| [l-fsWI 1-t 1 
< 2 ii:2 + ^Up 2 iOg[T+lTTXT5{t)yT |l-F2(t)| l-|F2(t)|J 

< i log i?2 + i log Ai = i log Aii?2 = I log ^i?2 = I log i?l , 

by Julia- Wolff-Caratheodory theorem. So fi{xo, yo) £ E{1, Ri). In the same way one can 
prove that /2(.xo,?yo) e E{1,R2). So x i;(l,ii2)) C £;(l,i?i) x £;(l,i?2). This 

end the proof of the point i). 

ii). By hypothesis it follows immediately that -Ri > R2 and then we have: 

X (£;(!, i?2))) C h{E{l,R,) X A) C F(l,i?i). 

So it remains to examine the second c;oniponent f2- Again by hypothesis we have that 
A2 = ^ and we can proceed as above and we prove that f2{E{l, Ri) x {E{1,R2))) C 
E{1,R2) and it concludes the proof of the point ii). □ 
Proposition 8. Let f — (/i, /2) : ^ be holomorphic and without fixed points in 
A^. Suppose that fi ^ tti and /2 1^2- Then W{f) is arcwise connected. 

Dim. Let ^{x,y) denote the flat component of the boundary of A^ containing the point 
{x,y) e 9A^. We can consider the following cases: 

1) G W{f) n r(o,i)-" In this case every point of the component r(o,i) is a Wolff 
point. Indeed, if a: G r(o,i) ^^'^''^ F{x,R) = E{x,R) and in particular they coincide with 
E{z,R) = F{z,R) = E{w,R) — F{w,R). Thus if a point of the flat component r(o^i) is 
a Wolff point then every point of this component is a Wolff point. We can conclude that 
there exists a continuous path, of Wolff points, that links z and w. 

2) e W{f) n dT^o,i) and w e W{f) n r(o,i)." w G W{f) implies that every point of 
the flat component r(o,i) is a WolS point then, it is sufficient consider the radius linking 
z and w. 

3) "z G W{f) n r(o,i) and w G W{f) n r(i_o)-" Every point of the flat components r(o,i) 
and 0) is a Wolff point of /. By definition of Wolff points and horosphere, it follows 
that: fiE{l,R)xE{l,R)) = f{{AxE{l,R))n{E{l,R)xA)) C E{l,R)xEil,R)y R> 
and (1, 1) G W{f); thus there is a continuous path that links z and w, passing through 
the point (1, 1). 

We are now going to prove that there isn't any other possibility. In fact the following 
cases are not possible: 

a) "3 z G VF(/)nr(o4) c Elw G W{f)nTi^o-i)" In this case, by definition of Wolff point, we 
would have: /2(A x 'e{1, R)) C E{1, i?) V i? > and /2(A x E(-l, R)) C E{-1, R)y R> 
0. And if we consider yo G £'(1, i?i) n E{—1, R2) and a; G A we would have: f2{x, yo) — yo 
V .T G A. But it is possible only if /2(a;, y) = y for all a; G A and it isn't our case. 
6j " 3 z G W{f) n 9r(o,i) and 3 w G W(/) n 9r(o,i), z ^ w." We can suppose that 
z = (-1,1) and w = {1,1). Then /2(A x E{1,R))' C E{1,R) V i? > and /2(A x 
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E{-1,R)) C E{-1,R) y R> 0. Again, if we take yo e dE{l,Ri) ndE{~l,R2), chosen 
opportunely i?2 > 0, we obtain that f2{x,yo) — yo ^ x (z A. But it is possible only if 
f2{x, y) = y y X E A and it isn't our case. 

c) "(1,1); (-1,-1) e W{fy\ In this case we have f{E{-l,R) x E{-1,R)) C E{~1,R) x 
E{-1, i?) V i? > and fiE{l, R) x E{1, R)) C E{1, R) x E{l,R) V i? > 0. Then if we take 
e dE{l,R) n a£:(-l, i?) we obtain that (0, 0) £ [9(£;(-l, i?) x E{-1, R))] n [9£:(1, i?) x 
E{\,R)\ and consequently: /(O, 0) = 0, but it is not possible because we supposed / 
without fixed points in the bidisc. □ 

3. Wolff points 

We are finally ready to prove our main result , theorem [3 taking e*^^ — e*^^ — 1 : 

Proof of Theorem\^ We are going to prove every statement in the direction " <^." 
a). Let apply Lemma^to the holomorphic function fi : — > A and let us study: 

(3.1) liminf K^2{{0,0),{x,y)) -uiO Ji{x,y)) 

Consider the direction x = Fi{w) y — w. We obtain: uj{0, x) ~ uj{0, Fi{w)) and 
uj{0,y) — uj{0,w). Since Ai < 1, then: hminf„^i[w(0, w) — uj{0, Fi{w))] < 0. In parti- 
cular there exists a subsequences Wk such that limfe^oo wa, — 1 and lim/c^+oo [w(0, w^) — 
uj{Q, Fi{wk))] < 0. If we look at f l3.1|l along the direction Wk we obtain: 

liminf(^,j,)^(ij) K^2{{0,0), {x,y)) - uj{OJi{x,y)) < 
liminffe^+oo K^2{{0, 0), iFi{wk),Wk)) - cj(0, fi{Fi{wk),Wk)) = 
= liminffe_>+oot^(0,Fi(wfc)) - uj{0,Fi{wk)) = 0. 

Then, by ( EU, there exists n e dA such that fi{E{l,l),R) C E{ti,R) V i? > 0. 
In particular /i admits restricted E- limit ti . Let apply again the 13.11 to the map /2 : 
A^ ^ A along the direction x = z ; y = F2{z). Proceeding as above, we obtain 
liminf(j,,y)^(i^i) Xa2((0, 0), (x, y)) — u;{0, f2{x,y)) ~ 0. Then there exists T2 £ dA such 
that /2(i?(l, 1), i?) C E{t2,R) V i? > and /2 admits restricted E-limit T2. We claim 
that Ti = T2 = 1. Consider the curves ai{t) = {Fi{t),t) and a2{t) = {t,F2{t)); t £ [0,1). 
These curves, cri,o'2, are peculiar (1, 1)— curves. Furthermore /i(cri(i)) = fi{Fi(t),t) = 
Fi{t) ^1 as t ^ 1~ and /2(fT2(i)) = h{t,F2{t)) = F2{t) -> 1 as t -> 1". 
Since ti,T2, are respectively restricted E-limit of /i and restricted E-limit of /2 then 
we can conclude that n = 1 and /i(£:((l, 1), i?)) C E{\,R) V i? > 0; r2 1 and 
h{E{{l, l)..R)) C E{l,R)y R> 0. Thus if / is of first type and Ai < 1, A2 < 1 then: 

/((i?(l, 1), i?) = (/i(i?((l, 1), i?)), /2(i?((l, 1), i?))) C Eiil, 1), i?) V i? > 

and in particular t = (1,1) G W^(/)- Notice that, by the proof of Lemma |H1 points as 
(— 1, 1) and (1, —1) cannot be Wolff point of /, because they are on the Silov boundary 
of the same flat component of the point (1, 1). Furthermore, also, no points of the flat 
components j^), r(]^ q) can be Wolff points of / otherwise, by definition, the point 1 
would be a Wolff point for fi{-,y) and f2{x,-) and it isn't possible because fi{-,y) has 
fixed points described by the function Fi and f2{x,-) has fixed points described by the 
function F2. By lemma |H1 we know that W{f) is arc wise connected, then the unique Wolff 
point of / must be (1, 1). 

i) Since -Fi is a holomorphic self-map of A, there are at most two possibilities : Fi(jjq) — yo 
for some ?/o G ^ or Fi has a Wolff point ti ^ 1. We can suppose, ri = — 1. In this last case 
we have K — lim Fi{y) = —1 and the angular derivative of Fi in {—1} is 61 < 1. Suppose 

Fi has a fixed point. Since Ai > 1 then lim uj{0,w) — uj{0, Fi(w)) > 0. Proceeding as 

w — >1 

before we obtain: 
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Iiminf(^,j^)^(i4) K^2{{0,0), {x,y)) - Lu{OJi{x,y)) 

Ka^{{0,0),{Fi{w),w)) -Lu{0,Fi{w)) = ^logAi < +00 

and by Julia's lemma for polydiscs fi admits restricted E-limit ti — I. Then the inferior 
limit H3.1(l is bounded. Let a denote this inferior limit. This is a sort of "boundary 
dilatation coefficient" of /i in (1, 1). We can write: 

+oo>iloga= liminf KA2{{0,0),{x,y)) - uj{0, fi{x,y)) = 

= i log lim inf = i log lim inf i^LfjJ^ . 

Let consider the holomorphic function (p : A A defined by (p(^) ~ £.)■ By LemmaEl 
= "/i- If FiiVo) = yo it implies that if{yo) = fi{Fi{yo),ya) = i^i(yo) = Vo then (y5(^) 
has a fixed point in A. We also know that (T{t) — {t,t) is a peculiar (1,1)— curve then 
fi(t, t) — » 1 when t — i- 1~. It follows that the point 1 is a fixed point of ip on the boundary 
of A and since (p has a fixed point then it must be a/^ — ciip > 1. By Lemma El this 
condition is sufficient to say that the point (1,1) cannot be a Wolff point for the map 
/. In fact we have: /i(£:((l, 1), i?)) C E{l,af^R) V i? > with a/^ > 1. It implies 
/i(£;((l, 1), i?)) g E{1,R) and the point (1, 1) cannot be a Wolff point of /. 
Suppose, now, Fi has no fixed points. Then liminf(j, _x) nia'X{(w(0, x), a;(0, y))} — 

uj{0, fi{x, y)) < liminfu,^_i uj{0, Fi{w)) — w(0, Fi{w)) — 0, and then by lemma ITTl /i has 
restricted E-limit, say r G dA, in (—1,-1). Furthermore <7i(t) — {Fi{t),t) is a peculiar 
(—1, —1)— curve and then, proceeding as before we have that t = — 1 and fi{E{—l, R) x 
E{-1,R)) C E{-1,R) V i? > 0. If the point (1,1) is a Wolff point of / we have: 
fi{E{l,R) X E{1,R)) C E{1,R) V i? > 0, and then, chosen R > such that {0} € 
dE{l,R) n dE{l,R) we wiU have (0,0) € 9£;((1, 1), i?)) n dE{{-l,-l),R)) and thus 
/i(0,0) e E{l,R) n E{-1,R) = {0} ^ /i(0,0) = ^ i^i(O) = 0. But it isn't possible 
because we supposed that Fi has no fixed points in A. So, also in case i) the point (1, 1) 
cannot be a Wolff point of /. We can note, now, that the flat component of the boundary 
cannot be a Wolff component of / for otherwise /i(-, y) or f2{x, •) would have Wolff points 
but it isn't possible because, in this case, they have, both, fixed points in A. By Lemma|Sl 
we know that two points on the Silov boundary of the same flat component cannot be, 
at the same time, Wolff point of the map /. Furthermore W{f) is arcwise connected, so 
we have just one more possibility: there is one point (different from (1, 1)) on the Silov 
boundary that is the Wolff point of /. But: 

- the point (1,-1) cannot be Wolff points of / because otherwise we would have 
f2{E{l,R) X eI\,R)) C E{l,R) V i? > since A2 < 1 and f2{E{\,R) x E{-\,R)) C 
E{-1,R) M R>0. 

Chosen e dE{-\,R)r\E{\,R) and a; G E{\,R) then (a;,0) G [E{{\,1), R)]r\[E{{-\,l), R)] 
and we obtain /2(a;, 0) = V a; G i?(l, i?) and then F^ix) = but it is inconsistent with 
our hypothesis. So the point (1, —1) cannot be Wolff points of /. 

- the point (—1,-1) cannot be Wolff point of / because otherwise f2{E{—l,R) x 
E{-1,R)) C Ei-1,R) V i? > 0. As above, chosen G dE{-l,R) n E{1,R) we have 
72(0, 0) = that implies ^2(0) = but it isn't possible because F2 has Wolff point 1. 

- the point (—1,1) cannot be Wolff point of /. This last statement follows by the point 
i) of Proposition Indeed if (—1,1) were a Wolff point, we would have: f{E{—l,R) x 
E{1, Rj) C E{-1, R) X E{1, R) V i? > 0. In particular, chosen i?2 such that ^ = ^, 
3 xo G dE{-l,R) n dE{l,Ri) such that /(xo,y) = ixo,y) for all y G E{\,R2) and also 
such that fi{xo,y) = V y G E{1,R2). It imphes that Fi{y) = V y G i?(l,i?2)- But it 
isn't possible. So we proved that there isn't any Wolff point for / and in this way we end 
the proof of the point i) of the theorem. 
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in), iv). If / is of second type it is clear that every point of the flat component r(]^ q) = 
{1} X A is a Wolff point, in fact, chosen G g), the small horosphere centered in 

this point is E{{l,y),R) = E{1,R) x A V y G A and we have: 

f{E{{l,y),R)) - (/i(£;(l,i?) X A),ME{1,R) x A)) 

but fi{E{l,R) X A) C E{1,R) because r = 1 is the Wolflf point of fi{-,y) V y G A and 
f2{E{l,R) X A) C A. It follows that 

C£;(l,i?) X A = £;((!, Vy G A 

and then we have that every point of the flat component ^(i^) is a Wolff point of /. 
Furthermore, applying again Julia's lemma for polydiscs, as in the proof of point ii) 
of this theorem, we have that A2 < 1 implies /i(£'((l, 1), i?)) C E{{1,1),R) V i? > 
and {(1, 1)} G W{f). If on the other hand A2 > 1, by the proof of the points i) and 
ii) of the theorem, we have that {(1,1)} ^ W{f). Also in these cases we need to prove 
that there isn't any other Wolff point. If A2 < 1 the points of the flat component A x {1} 
cannot be Wolff points for / because /2 has fixed points. Moreover by lemma|Sl the points 
of the Silov boundary of Fqi cannot be Wolff point because {(1, 1)} G W{f). Then since 
W{f) is arcwise connected there isn't any other possibility and the set of the Wolff points 
of / must be Wif) = {{1} x A} U {(1,1)}. If A2 > 1, neither the points of the flat 
component r^Q ^-j nor the points of can be Wolff points because /2 has fixed points. 

Furthermore we have {(1, -1)} ^ W{f). Indeed fi{E{l,R) x A) C E{l,R) V i? > and 
f2{E{l,R) X E{l,R)) C E{1,R) V i? > 0. Thus, using Proposition |7| we can prove that 
{(1,-1)}^^ W^(/). 

v) As in Hi) and iv), we have that every point of the flat components of the bound- 
ary, {1} X A and A x {1}, is a Wolff point of /. It implies {(1,1)} G W{f), indeed 
/(i?((l, 1),R)) = {hmi, i?) X A] n [A X E{1, R)]),M[E{1, i?) x A] n [A x Eil, R)])) C C 
E{1, R) X E{1, R) = E{{1, 1), R). Thus W{f) / and it is at least [{1} x A] U{(1, 1)}U[A x 
{1}]. By lemmalHl it follows that it must be exactly T/F(/) = [{l}xA]U{(l,l)}U[Ax{l}]. 
In this way we proved every statement of the theorem in the direction Then we can 
conclude that also the implications in direction are proved. 

vi) Let suppose that fi{x,y) = x V y G A and let examine the set W{f). Let note 
that /2 ^ TT2 otherwise f = id^- Furthermore there is no a holomorphic map f 2 • A — » A 
such that f2{x, F2{x)) = F2{x) V a; G A. Otherwise we will have that 3 xq <E A such 
that f{xo,F2{xo)) = ihixo, F2{xo)), f2ixQ, F2{xo))) = (3:0,-^2(3:0)) and it is not possible 
because we supposed / without fixed points in the bidisc. Then, by Herve theorem, /2 
has Wolff point Tf^ = e*^^. Let suppose, without loss of generality, that e'^^ — 1. Then 
every point of F(o,i) is a Wolff point of /, indeed, by /i = id and Tf^ = 1 we obtain: 
/(A X E{1, R)) = '(/i(A X E(l, i?)), /2(A x E{1, R))) C A x E{1, i?) V i? > and, also: 
f iE{l,R) X A) = {fi{E{l,R) X A)J2{E{1,R) x A)) C E{l,R) x A V i? > 0. It follows 
immediately that every point of F(i_o) is a Wolff point and then, the point {(1, 1)} is a 
Wolff point of /. In the same way we can prove that F(_i 0) is a Wolff component of 
/, and then also the point {(—1,1)} G W{f). Thus / fixes every leaf {k,y): f{k,y) = 
(/i(fc, y), /2(fc, y)) = (fc, y) and in particular y G E{1,R) implies y G E{1,R). By this 
remark follows that the points of the fiat component of the boundary r(o,-i) = A x { — 1} 
cannot be Wolff points for / otherwise we wifl have: /2(A x E{1, R)) C £'(1, R) V i? > 
and /2(A X E{^1,R)) C E{-1,R) V i? > 0. Then chosen {0} G dE{l, R) n dE{-l, R) 
we have /2(A x E{l,R)) C [E{l,R) n E{~l,R)] = {0} and;/2(a;,0) ^ x \f x e A. 
Consequently: /(O, 0) ~ (/i(0, 0), /2(0, 0)) — (0,0) but it is inconsistent with the hypoth- 
esis that / has not fixed point in A^. Also the points {(—1,-1)} e {(1,-1)} cannot be 
Wolff points of /, because we already know that {(1,1)} and {(—1,1)} are Wolff points 
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of /. In fact if {(-1,-1)} e W{f) were we would have: /2(S(-l,i?) x E{-l,Rj) C 
E{-1, R) V i? > and /2(i^(l, R) x £'(1, R)) C £'(1, R) V i? > 0. As done before, we can 
choose {0} e dE{l,R)ndE{-l,R) and we obtain: /(0,0) ^ (/i(0, 0), /2(0, 0)) = (0,0) 
but it isn't possible. In the same way we can prove that {(—1, 1)} ^ W{f). Then: 
W{f) = {{-1} X A} U {(-1,1)} U {A X {1}} U {(1,1)} U {{1} X A} and it ends the 
proof of the theorem. □ 

We can end this section proving theorem O Recall that by hypothesis fi{0, 0) = (0, 0) 
and Fi{0) = 0, i = 1, 2. Moreover if we denote by K{{0, 0), R) the kobayashi disk centered 
in (0, 0) with radius R, we have that f{K{{Q, 0), R)) C K{{0, 0),R) for aU i? > 0. 

Proof. Theorem\^ 

Remark 9. Let denote by ^{x,y) the flat component of 9A^, containing the point {x,y). 

Recah that by hypothesis f,{Q,Q) = (0,0) and Fi{<d) = 0, i = 1,2. Moreover if we 
denote by K{{Q^ 0), R) the Kobayashi disk centered in (0, 0) with radius i?, we have that 
f{K{{0, 0), R)) C £:((0, 0), i?) for aU i? > 0. 

Suppose first that dmFix{f) = 0. If a point of the Silov boundary, say (1,1), is a 
Wolff point then fiE{l, 1), R) C (£(1, 1), R) for aU i? > 0. If we take (0, 0) ^ (cco, yo) = 
[d{E{l, 1),R) n dK{{0,0), Ri)] we have that {xo,yo) must be fixed by / and it is a con- 
tradiction. On the other hand if a point of a flat component, say (0, 1), is a Wolff 
point, every point of that flat component is a Wolff point for /. In this case we have 
f{AxE{l,R)) C Ax£:(l,i?)foraUi?> 0. Chosen {x,yo) G [dAx E{1, R)]ndK{{0,0), R) 
we obtain that f{x, yo) — {xi, yo) for every x € A. Then f2ix, y) = ybut it a contradiction 
because, in this case AYmFix{f) = and also dim Fix f2 = 0. Thus we conclude that 
Wif) = 0. 

Now, suppose that dimFixf — 1. 

1) If ie'9,1) e Wif) then f{E{{e'd,l),R)) C E{{e'9,l),R) for aU R > 0. Since, by 
definition, K{{0,0), Ri) is the product of two Poincare discs of radius we can take 
(0, 0) ^ {e'dxo^xo) = [diE{e'e, 1), R) n 9if ((0, 0), i?i)). We have that (e'dxo^xo) must be 
fixed by /. We can do the same thing for every point {e^9x,x) £ A^, changing the radius 

Then Fix{f) is equal to the geodesic {e^9z, z). Using the estimate of the inferior limit 
in IcmmaQlas in the points of theorem refW(f) we see that dG = W{f). Indeed any other 
point of the flat component of d Delta?' cannot be a Wolff point since fi,i = 1,2 has fixed 
points. On the other hand if g{z) = e'Oz then (e'0, 1) G W{f) and every point of the 
boundary of dG E W{f). To prove this fact it is sufficient to apply lemma 01 and study 
the inferior limit 12. ll along the direction {e'^dt,t), as in the proof of the theorem [3 

2) , 3) Suppose that g is proper and g is neither an automorphism nor the identity. 
Then W{f) is contained in the Silov boundary of A^ and it is in contradiction with the 
preceding point. Then W{f) = 0. It proves the implication " of point 2. Suppose now 
that g is not a proper map and let prove that W{f) ^ and it is disconnected. Since g is 
not proper then there exists a sequence Zk € A such that Zk — > e'* € OA as A; — + cxo and 
g{zk) ^ c e A as A; — + cx). By theorem0]we get that 

hminf K^2{{0,0),ix,y))-u;{0J,{x,y)) < 
< liminf ii:A2((0, 0), {g{zk),Zk)) - uj{0, fi{g(zk), Zk)) = 

Ac— >00 

liminf max{t^(0,5(zfe));t^(0,Zfc)} - ^(0, /^(^(^fc),^^)) = (*) 

k — >oo 

if i = 1 then (■*-) = oo; and if i = 2 then (★) = 0. 
Thus we get 

f{E{e''^,c), R) C {E{e'\c),R) V i? > 

9 



and (e^^c) £ Wif) ^ 0. Thus r^e'^,c) e W{f). It means that /2(x, •) has Wolff point 
but since /2 has also fixed points it follows that /2 = 7r2. It follows also that the flat 
component of the boundary r(e~*^,c) G W(f). Any other point of the flat component can 
be a Wolff point since /i ^ tti and fi{-,y) has not Wolff points. Any other point of the 
Silov boundary can be a Wolff point since the point 1) of the theorem holds. Thus W{f) 
is disconnected. In this way we proved implication =4> of point 3). Now we have that if 
W{f) = then g is proper for the preceding point. And if /2 = 7^2 then g is not proper 
since W{f) 7^ id. □ 

4. Examples 

We can now give an example for each case of the theorem: 
Example i) of theorem [3 We are going to give an example of a holomorphic self map 
/, of the complex bidisc, without fixed points and without Wolff points. Let consider: 
f{x,y) — {^{x + Fi{y)), ^{y + F2{x))) with Fi and F2 holomorphic self map of the unit 
disc A. We can choose Fi and F2 such that / hasn't fixed points in that is for example: 
Fi{y) — and -^2(2^) = T+T' ^"^^ going to prove that the point (1, 1) isn't Wolff point 
for /. By lemmainiit will be sufficient prove that the limit f I2.1|l is strictly greater than 0. 
If max{(w(0, x),uj{0, y))} = w(0, x) : 
hminf max{{uj{0,x),uj{0,y))} — u;{0, fi{x,y)) ~ hminf u;{0, x) ~ uj{0, ^{x + Fi{y))) 

_l+|i(x+_Fi(a))| l-\x\ 

l+\x\ l-|^a:|-|^3:| " 
_l+\^{x+Fi(y})\ l-bl 

Then the boundary dilatation coefficient of /i at the point z = 1 is a/^ > 1. On the other 
hand if max{{u}(0,x),Lu{0,y))} ^uj{0,y) we have: 
liminf max{{cj{0,x),uj{0,y))}-u;{OJi{x,y))= liminf cj{0,y) - u;{0, ^{x + Fi{y))) 

{x,y)^{l,l) — (1,1) 



> lim inf ^ log 

{x,y)^{lA) 2 

lim inf ^ log 



> 

= 0. 



> lim inf i log 

(x,y)^(l,l) 2 

> lim inf i log 

{x,y)^{l,l) 2 



l+\y\ l-||x|-||Fifa) 
l+|i(x+Fi(y))| l-\y\ 



\L{x+Fi{y))\ l-\y\ 



0. 



Then V i? > /i(£'((l, 1), i?)) C E{l,af^R) with a/^ > 1 and consequently, by the 

previous proof (1, 1) cannot be a Wolff point for /. Furthermore, by the proof of i) we can 

conclude that there isn't any other Wolff point. 

Example It) of theorem\^ f{^x,y)^[\{x + ^),\{y+^)). 

Example Hi) of theorem\^ f{x, y) = (%^, 5(2/ + ■^2(2;))) with ^2(2;) = |f±|. 

Example iv) of theorem\^ f{x,y) = 5(2/ + -^2(2;))) with ^2(2;) = x'^. 

Example v) of theorem\Bf{x,y) = (^^, 
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